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Improved Calculation of High Speed Inlet Flows:
Part L Numerical Algorithm

Doyle D. Knight*
Rutgers University, New Brunswick, N.J.

An improved numerical algorithm has been developed for the calculation of flowfields in two-dimensional
high speed inlets. The full mean compressible Navier-Stokes equations are employed, with turbulence
represented by an algebraic turbulent eddy viscosity. A body-oriented coordinate transformation is used to
facilitate treatment of arbitrary inlet contours. The explicit finite-difference algorithm of MacCormack is
utilized. Several well-known techniques for improving computational efficiency are incorporated, including
time-splitting of the finite-difference operators and splitting of the mesh into several regions in the cross-stream
direction. A number of new computational techniques are introduced; namely, a procedure for automatic
determination of the optimal mesh splitting, and a separate treatment of the viscous sublayer and transition wall
region of the turbulent boundary layers. The accuracy and efficiency of the approach is demonstrated for the
specific examples of the development of a turbulent boundary layer on a flat plate, and the interaction of a shock
wave with a flat plate turbulent boundary layer. In all cases, the results compare very favorably with previous
numerical calculations and experimental results.
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Nomenclature
= skin friction coefficient
= Van Driest damping factor
= total energy per unit mass
= flux vectors in f and rj directions,

respectively
= bleed mass flux
= modification to D due to mass bleed
.= static pressure
= Cartesian components of heat

transfer vector
= components of heat transfer vector in

x',-y' system
= time
= vector of dependent variables
= friction velocity, u* = VTW/PW
= Cartesian components of velocity
= components of velocity in x',y'

system
= Cartesian coordinates
= locally orthogonal coordinates at

boundary
= height of computational sublayer
= mesh spacing in f and r; directions
= pressure damping coefficient
= boundary-layer thickness
= turbulent eddy viscosity
= transformed coordinates
= kinematic viscosity, v=p/p
= density
= components of Cartesian stress

tensor in x,y system
= components of Cartesian stress

tensor in x' ,y' system

= evaluated at wall
= evaluated upstream of body
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Introduction

THE accurate prediction of the performance of high-speed
inlets is an important and challenging aspect of modern

high-speed aircraft design. The function of a jet engine inlet is
to provide a nearly uniform subsonic flow with high total
pressure recovery at the compressor face at minimal drag
penalty.1 A supersonic inlet flowfield is characterized by a
pattern of oblique shock waves, formed by the general cur-
vilinear shape of the ramp and cowl surfaces, that interact
with the turbulent boundary layers on the walls. The shock
wave train is usually terminated by an approximately normal
shock (the "terminal shock") positioned at or near the inlet
throat. Boundary-layer bleed is generally provided on the
ramp, cowl, and sidewalls to prevent flow separation in the
vicinity of the intersection of the shock waves and walls.

Traditionally, theoretical inlet design and analysis has been
based on the separate, and sometimes coupled, treatment of
the in viscid and viscous portions of the inlet flow. The
calculation of the inviscid flow is accomplished either by the
conventional method of characteristics2'3 or inviscid finite-
difference shock-capturing techniques.4 The effect of the
boundary-layer displacement thickness is either ignored3'5 or
incorporated as a correction.6 The calculation of the wall
boundary layers typically involves a finite-difference solution
of the boundary-layer equations with a semiempirical model
of shock/boundary-layer interaction.6'7 The determination of
bounary-layer bleed necessary to prevent flow separation
typically is achieved by means of empirical criteria based on
the velocity profile. 7»8

The traditional approach, however, suffers from three
major disadvantages. First of all, the use of semiempirical

' models of shock/boundary-layer interaction oftentimes yields
incorrect predictions of the reflected shock wave structure and
consequently unreliable performance predictions.6'9 Second,
the conventional method of characteristics and inviscid finite-
difference shock-capturing techniques are limited to regions
of supersonic flow.2"4'6 In practice, both methods perform a
marching operation in the downstream direction beginning at
the inlet entrance. The development of any region of subsonic
flow terminates the computations, which in practice
sometimes may occur upstream of the inlet throat.4'6 Also,
the interaction of the terminal shock with the boundary layers
and the subsonic diffuser flowfield cannot be treated by these
techniques. Third, these methods are incapable of handling
flow separation due to their inadequate treatment of strong
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viscous-inviscid interactions. The presence of large flow
separation within inlets at high angle of attack is a major
concern for aircraft designers.10

Some of the disadvantages of the traditional approach can
be overcome by using the "parabolized" Navier-Stokes
equations, which are obtained from the full Navier-Stokes
equations by neglecting diffusion in the primary flow
direction.11 The technique is based on performing a single
sweep marching operation in the primary flow direction, and
consequently requires substantially less computer time and
storage than the methods discussed later that employ the time-
dependent Navier-Stokes equations. The primary application
of the technique in high-speed flows has been to external
flowfields,11'12 although recently high-speed inlets have been
treated.13 Since the method is based on a single sweep mar-
ching operation in the stream wise direction, it is incapable of
incorporating boundary conditions at the downstream end of
the computational domain such as the specification of the
downstream or "back" pressure. Consequently, the technique
is evidently incapable of computing the terminal shock and
subsequent subsonic diffuser flowfield, as well as high-speed
inlet flows exhibiting inlet unstart (i.e., terminal shock
moving upstream of the inlet entrance). Furthermore, the
assumptions of the technique are invalid in the presence of
streamwise flow separation, although separation in the cross-
flow plane can be handled. 12>13

All of the disadvantages of the traditional approach can be
overcome by utilizing the time-dependent Navier-Stokes
equations and simultaneously treating the entire inlet
flowfield (or, in some cases, subregions of the inlet flowfield
as discussed later). The steady inlet flowfield typically is
obtained by integration in time from an assumed initial
condition until the steady state is achieved. Unsteady inlet
flows may also be treated. In recent years, accurate
calculation of high-speed flows with shock/boundary-layer
interaction and streamwise flow separation has been
demonstrated using a variety of numerical algorithms for the
time-dependent Navier-Stokes equations. A brief sampling
includes MacCormack's explicit14'17 and hybrid implicit-
explicit18 methods, the hybrid implicit-explicit method of
Shang,19 and the implicit method of Beam and Warming.20'22

Both the hybrid and fully implicit methods have demonstrated
substantial improvements in computational efficiency over
the explicit approach. The capability for handling terminal
shock structures and the subsequent downstream subsonic
diffuser flow has been demonstrated.23

To the author's knowledge, the first calculation of a
realistic high-speed inlet using the Navier-Stokes equations is
that of the author24 using the explicit method of Mac-
Cormack.14 The computed results compared very favorably
with the experimental data for ramp and cowl static pressures
and boundary-layer pitot profiles. The computer time
requirements, however, were substantial, and the need for
improved computational efficiency was the primary
motivation for the present work. Quite recently, a modified
form of the implicit method of Beam and Warming has been
applied to the calculation of a low Reynolds number laminar
supersonic inlet flow.25 Although there was no comparison
made with experimental data, the results are quite promising.

The focus of the present work is the development of a more
efficient numerical algorithm for the prediction of two-
dimensional high-speed inlets using the Navier-Stokes
equations. A substantial improvement in computational
efficiency has been achieved by incorporating a separate
algorithm for the treatment of the viscous sublayer and
transition wall region of the turbulent boundary layers. In this
paper, the details of the numerical algorithm are provided,
and several test cases are discussed. In the subsequent
paper,26 calculations are presented for a simulated two-
dimensional mixed compression high-speed inlet.

Method of Solution
Coordinate Transformation

In order to facilitate treatment of a general curvilinear inlet
geometry, a numerical coordinate transformation is employed
whose purpose is to provide a set of curvilinear coordinates
£(x,y) and rj(x,y) that are contoured to the inlet shape. The
technique is illustrated in Fig. 1, where two overlapping
computational regions ABCDEF (the upstream region) and
A'B'C'D' (the downstream region) are indicated (the
purpose of the overlapping regions is discussed later). In the
upstream region, for example, the cowl and ramp surfaces are
taken to be coincident with portions of the contours rj = 0 and
77 = 1, respectively (Figs. 1 and 2). The upstream and down-
stream boundaries (curves AF and CD, respectively) are taken
to be coincident with the contours f = 0 and f = 1, respectively.
The ry coordinate increases in a general cross-stream direction,
while the f coordinate increases in the general streamwise
direction. The coordinates are obtained from the following
equations27:

(1)

where V 2 is the Laplacian operator d2/dx2 + d2/dy2. The
function Q is chosen to provide an approximately ex-
ponentially stretched mesh within the boundary layers on the
ramp and cowl. Details are provided in Refs. 24 and 28. The
coordinates f and r; are subject to Dirichlet boundary con-
ditions, implying that the coordinate transformation is not
necessarily orthogonal. Accurate flowfield solutions can* be
obtained using coordinates exhibiting a modest degree of
nonorthogonality.24 For the calculations presented herein, an
orthogonal coordinate system was used. In the inlet cases
discussed in the subsequent paper,26 the maximum derivation
from orthogonality at any point is 10 deg. In practice, Eqs. (1)
are inverted to solve for x(^) and y(^) and solved in the
transformed plane.27

The result of the coordinate transformation is a uniform
rectilinear grid of points in the transformed plane with
constant mesh spacing Af and Arj, whose image in the physical
plane is a highly nonuniform grid capable of resolving the
significant features of the flowfield. The Navier-Stokes
equations are solved in the transformed plane, and the inlet
flowfield in the physical plane is obtained through knowledge
of the inverse transformation x (f, 77) and y ( f , 17).
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Fig. 1 Inlet geometry.

Fig. 2 Transformed plane (up-
stream region shown).
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Governing Equations and Boundary Conditions
The governing equations are the full mean compressible

Navier-Stokes equations using mass-averaged variables29 for
two-dimensional turbulent flow. Written in strong con-
servation form using the transformed coordinates f (x,y) and
t\ (x,y), the equations are 21

where n is the normal distance from the wall and N is a
modification due to mass bleed

ag
(2)

where
P

pu

pv

.Pe.
pU

pV

PV V+ Iffy (P -Tyy)~ Ifc

where fx denotes d£/dx, etc. The quantities u and v denote the
Cartesian x and y velocity components, respectively. The
density p, pressure /?, and temperature Tare related through
the equation of statep=pRT where R is the gas constant. The
total energy per unit mass e is given by e=ei + 1/2(u2 + v2)
where the internal energy et is equal to cv T. The contravariant
velocity components U and K, the Jacobian /, and com-
ponents of the total (laminar plus turbulent) Cartesian stress
tensor (i.e., T^T^T^,) are given in Ref. 28.

The quantities &x and 0y are

where Qx and Qy are components of the total (laminar plus
turbulent) heat flux vector.28 The molecular dynamic
viscosity is given by Sutherland's relation. The molecular
Prandtl number Pr is 0.72 (air) and the turbulent Prandtl
number Prt is 0.9.

The turbulent eddy viscosity e is given by the two-layer
equilibrium eddy viscosity of Cebeci and Smith30 with the
transition model of Dhawan and Narasimha.28 For the high-
speed inlet calculations, the location and extent of the region
of transition from laminar to turbulent flow were estimated
using the method of Deem and Murphy and the generally
accepted criterion that the Reynolds number based on
distance from the leading edge approximately doubles across
the transition region.28 The turbulent eddy viscosity
relaxation model of Shang and Hankey16 is incorporated for
use in the vicinity of strong shock wave-turbulent boundary-
layer interaction. The relaxation model was not employed,
however, for shock/boundary-layer interactions in the
presence of boundary-layer bleed, due to the lack of previous
experience for such a configuration. The Van Driest damping
factor D used in the inner equilibrium eddy viscosity is given
by

(4)

(5)

where m is the normal mass flux at the wall. The pressure
gradient term in N is omitted in agreement with several
previous investigations.16'17'28

For the purposes of computational economy, the inlet
flowfield is subdivided into two or more overlapping regions
(see Fig. 1). Beginning with the upstream region, the flow in
each region is converged to a steady state. The values of the
flowfield variables at the restart station A'D' are then used as
the upstream profile for the next region. The application of
this technique requires that within the overlapping region
A'CDD' the flowfield outside the boundary layers must be
supersonic, and that the boundary layers are developing
smoothly. The first requirement implies that the region ex-
tending from the inlet throat to the compressor face con-
taining the terminal shock and subsonic diffuser must be
handled by a single computational region. The second
requirement indicates that the restart station cannot coincide
with any strong viscous-inviscid interaction on the cowl or
ramp. The technique of overlapping mesh regions has been
widely used in high-speed flow calculations. 14-17>23.24

The boundary conditions for Eq. (2) can be grouped into
four categories. First, on the upstream boundary AF or
restart station A'D' in Fig. 1 the flow variables are held fixed
at the appropriate freestream or converged upstream
overlapping calculated values, respectively. Second, on the
downstream boundaries CD and B' C' the conventional zero-
gradient boundary condition d'U/df =0 is applied. Third, on
the cowl and ramp surfaces the boundary conditions are

v-s = 0 (no slip condition)

v • n = v w (boundary-layer bleed)

dT
— =0 (adiabatic wall)on

dp
— =0 (approximate derived boundarydn condition for/?) (6)

where s and n are tangential and normal unit vectors,
respectively, at the wall vw is the normal velocity at the
wall. Fourth, for all calculations performed the flow in the
vicinity of contours AB and EF is supersonic, and the
following no reflection boundary conditions are employed

(7)

where the derivative d/d£ is taken along the outward running
characteristic at the boundary that is oriented at the local
Mach angle with respect to the local velocity vector.

Numerical Algorithm
The explicit finite-difference algorithm of Mac-

Cormack 14«15 is employed to integrate Eq. (2) in time from an
assumed initial condition until a steady-state flowfield is
obtained. The algorithm is an alternating-direction technique
of second-order accuracy, and has been employed in a wide
variety of problems in high-speed flows involving strong
viscous-inviscid interaction.14'17'23'24 The procedure consists
of repetitive application of an explicit finite-difference
operator <£(AO to the vector of dependent variables CU. The
operator <£(AO is a symmetric sequence of time-split one-
dimensional finite-difference operators £ f(AJ f) and
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£>n ( A^ ) . Each application of the operator <£ ( A/) updates 'U
in time by an amount At. Details are provided in Ref . 28. For
purposes of computational efficiency, the computational
region is divided in the r; direction into five subregions as
indicated in Fig. 3. For the results discussed in this paper, the
code was modified to use only regions 1-3, while for the
results discussed in the subsequent paper,26 all five regions
were used. Within these subregions, the operator <£(AO is
given by

Regions 1,2, 4, 5,

(8)(=1,2,4,5

Region 3

£(AO =

where m^= 1,...,5 are integers with m3 = 1) and the exponent
me implies that the operator sequence within the brackets is
applied me times. The integers mg and time step Af are
determined by the requirement of numerical stability of the
operators <£r and JD^ in each of the five subregions.15 A
further requirement is that the ratios m1/m2 and ms/m4 be
integers, in order that adjacent regions may be updated in
time in a near simultaneous fashion.

An automatic optimization algorithm is utilized to
determine the most efficient splitting of the five subregions at
each time based on maximizing the ratio

(9)

where Pg is the number of rows (i.e., y = constant mesh lines)
in region L This quantity is essentially proportional to the
ratio of the time step A? to the computer time required to
update the flowfield by the amount A£, and thus is a direct
measure of the relative efficiency of a particular mesh
splitting. During the course of a calculation, the boundaries
of the five subregions are automatically adjusted according to
Eq. (9). There were no numerical difficulties experienced with
this technique in any calculation, despite the typically rapid
readjustment of the location of the boundaries during the
early stages of a calculation. To the author's knowledge, this
represents the first incorporation of a completely automatic
mesh-splitting algorithm with MacCormack *s method.

The fourth-order pressure damping term of MacCormack15

is utilized to prevent numerical instability in the presence of
strong shock waves. For the shock-turbulent boundary layer
calculation discussed herein, the damping coefficient a was
taken to be -0.5, while for the high-speed inlet studies of the
subsequent paper26 a value of -5.0 was used in agreement
with previous calculations.24 In addition, the convective
damping technique of MacCormack14 is incorporated into the
£{ operator to prevent occurrence of a nonlinear instability in
region of separated flow.

D'

Fig. 3 Subdivision of transformed
plane (downstream region shown).

RAMP

Computational Sublayer
A major factor controlling the efficiency of an explicit

finite-difference algorithm such as MacCormack's method is
the requirement of resolving all pertinent scales within the
ramp and cowl boundary layers. Ordinarily, the exceedingly
fine mesh spacing needed to resolve the viscous sublayer
portion of the turbulent boundary layers would imply that the
allowable time step for integration of Eq. (2) in this region is
exceptionally small compared to the allowable time step, for
example, in the region outside the boundary layers. This
exceptionally large disparity in permissible time steps implies
that most of the computer time is spent integrating Eq. (2)
over a region comprising a small fraction of the com-
putational domain.

In order to partially alleviate this difficulty, a separate and
efficient treatment of the region containing the viscous
sublayer and transition portion of the turbulent boundary
layer is employed. This region is taken to be 0<>>' ^ 60*>„,/«*,
where y' is the distance normal to the wall, vw = nw/pw,
u* =VTW/PW , with rw denoting the wall shear stress and the
subscript w implying evaluation at the wall. For lack of better
terminology, this region is called the computational sublayer
(CSL). Following previous study,31 the governing equations
are taken to be

. du' _ dp dTx,y,
by' " dx' dyf

•x'y' •
du'

dT

(10)

(11)

(12)

(13)

where x' and y1 are local Cartesian coordinates parallel and
normal to the surface, respectively; u' is the velocity com-
ponent parallel to the wall; and m is the normal mass flux at
the surface (boundary-layer bleed implying negative values of
m). The orientation of the computational sublayer coor-
dinates for the TJ = 0 boundary is illustrated in Fig. 4. A similar
development is provided for the 17 = 1 boundary. These
equations are obtained from Eq. (2) under the following
assumptions: 1) negligible stream wise variation in the con-
vection of mass, momentum, and total enthalpy within the
computational sublayer, i.e.,

dpu' dpu'
"dx7** '"dx7

and

Row of
Matching Points

B'
-COWL

o Ordinary Mesh

• Computational Sublayer /Mesh

Fig. 4 Computational sublayer geometry.
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where v' is the velocity component normal to the wall; 2)
boundary-layer approximation; 3) height of CSL small
compared to the radius of curvature of the wall; 4) negligible
variation in dp/dx' across the CSL; and 5) v'2<2c2 /(y- 1),
where c = \JyRT is the local speed of sound. The validity of
these five assumptions has been successfully demonstrated for
a flat plate adiabatic turbulent boundary layer and a shock-
turbulent boundary layer interaction, with the latter case
displaying flow separation. Details are provided in the next
section.

The application of the CSL modification is illustrated in
Fig. 4 for the 17 = 0 boundary. Two different sets of mesh
points are evident. First, the set of mesh points on which
MacCormack's algorithm is applied (denoted as the ordinary
mesh) is shown as the open circles. Between the row of or-
dinary points adjacent to the wall (denoted as the row of
matching points) and the wall itself, a second set of mesh
points (denoted by the computational sublayer mesh) is in-
dicated as the darkened circles. The height y'm of the row of
matching points above the wall is typically less than 60 vw/u*.
Since the quantities vw and u+ are not known a priori, an
estimate is made for vw/u# at each point along the wall, and
the distance y'm is controlled during the generation of the
ordinary mesh. Since Eqs. (10-13) have been found to be valid
for y' <, 6Qvw/u+ (see next section), the precise value obtained
for y'mujv^ when the flowfield is converged is unimportant
provided it is generally less than 60.

The mesh spacing for the ordinary points provides suf-
ficient resolution of all pertinent flow features, except at the
row of matching points. Specifically, in updating the flow
variables on the row of matching points near 17 = 0, among the
quantities required are the components of the Cartesian stress
tensor T^T^T^, and heat flux vector Qx,Qy at the wall (in
the predictor step of the JC^ operator) and at the row of
matching points (in the corrector step of the <£,, operator and
both steps of the <£f operator). In these specific instances, the
ry derivatives of the velocity and temperature components
ordinarily would be approximated using values at j = 1 (the
wall) and j = 2 (the row of matching points) or j = 1 and j = 3
depending on the operator. However, with the computational
sublayer technique the mesh spacing y'm is substantially
greater than the viscous sublayer thickness and such an ap-
proximation for the derivatives would be highly inaccurate.
Instead, the computational sublayer technique is used to
provide accurate values for T^T^T^,^ and Qy when
updating the flowfield at the row of matching points. The
components of the Cartesian stress tensor are obtained from
the sublayer solution by a simple coordinate transformation,
under the reasonable assumption that the normal stresses in
the x',y' coordinate system (i.e., TX,X, and ry,y.) are small
compared to rx,y,. Referring to the 77 = 0 boundary in Fig. 4,

= -Tyy = -2sin0cos9 *rx,y,

(14)

where 0 is the angle of inclination of the boundary relative to
the x axis. Similarly, the components of the heat transfer
vector are obtained assuming Qy, > Qx,, and thus

(15)

Expressions can be similarly derived for the computational
sublayer on 17 = 1.

The CSL region is solved during each updating of the
adjacent region of the ordinary mesh, with the pressure
gradient dp/dx' in Eq. (10) obtained from the pressure
distribution on the row of matching points. The procedure
consists of two parts. First, the temperature distribution in the
CSL is held fixed at its value from the previous step and Eq.
(10) is solved for u' subject to the boundary conditions u' =0
at>>' = 0andw '=w^ at y' =y'm, where u'm is the value of u' at

y' —y'm obtained from the velocity on the row of matching
points. In the cases discussed herein and in the subsequent
paper,26 the CSL turbulent eddy viscosity was also fixed at its
value from the previous step. A closed form expression for the
wall shear stress TW is obtained by integrating Eq. (10) twice
and is evaluated numerically. The first integral of Eq. (10)
then provides a first-order differential equation for.-w' in-
volving TW that is solved numerically by the trapezoidal rule.
The sublayer eddy viscosity is then updated. Recently, the
numerical code was modified to solve Eq. (10) as a nonlinear
two-point boundary-value problem32 using the second-order
accurate box scheme33 (centered Euler scheme) and Newton
iteration, holding only the temperature distribution in the
CSL fixed at its value from the previous step. Comparison of
these two approaches for a typical high-speed inlet calculation
showed virtually identical results, with the box scheme ap-
proach affording a slight improvement in the rapidity of
convergence of the overall flowfield to steady state. In the
second part of the procedure, the CSL temperature is ob-
tained from Eq. (11) subject to the .boundary conditions
dT/dy' =0 at y' =0 (adiabatic wall) and T= Tm at y' =y'm,
where Tm is the temperature at the row of matching points.
Equation (11) may be integrated twice analytically to yield a
closed form expression for the wall temperature Tw that is
evaluated numerically. The first integral of Eq. (11) then
provides a first-order differential equation for T involving
Tw, that is solved numerically by the trapezoidal rule. The
components of the Cartesian stress tensor and heat flux vector
at the wall and the row of matching points are obtained from
Eqs. (12-15). A variety of test calculations were performed
that indicated the CSL region was updated sufficiently often
to insure that the sublayer flow was converged by the time the
ordinary flow had achieved a steady state.

The CSL modification is somewhat similar to previous
work by Baldwin and MacCormack34 and Baldwin and
Lomax.35 In the former case, an iterative technique was
employed using the full boundary-layer equations to provide
values of all variables at the second row of ordinary mesh
points from the wall. The method differs from the present
technique principally in its inclusion of the streamwise flux
terms, e.g., dpu'/dx', which were found in all present
calculations to be insignificant (see next section). A similar
conclusion was reached by Baldwin and MacCormack. The
latter technique of Baldwin and Lomax differs from the
present method in its assumption that Tx,y, is constant
throughout the sublayer (taken to be 0<y'm ^ 5Qvw/uitt in Ref.
35) which is invalid in the presence of large streamwise
pressure gradients. In addition, the present method has been
generalized to include the effects of boundary-layer bleed and
curvilinear wall geometry.

Verification of Computational Sublayer Modification
Prior to application of the numerical method to the

computation of high-speed inlet flows it was deemed
necessary to evaluate two major aspects of the CSL
modification, specifically the sensitivity of the computed flow
to the height of the sublayer region y'm and the accuracy of the
technique for separated flows. The results are indicated in the
following section.

Flat Plate Turbulent Boundary Layer
The sensitivity of the computed flow to the particular value

of the nondimensional sublayer height y'mu*/vw was con-
sidered for the simple configuration of a turbulent boundary
layer on an adiabatic flat plate at a freestream Mach number
Mw =2.96, total temperature Ttoo =243 K (437°R), and total
pressure /7/00=377.2 kPa (54.7 psia). This configuration
corresponds to the region upstream of the shock-turbulent
boundary-layer interaction discussed later. A total of four
cases were considered. The first three cases employed the CSL
modification, while in the fourth case the CSL modification
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was not employed and the viscous sublayer was resolved using
the ordinary mesh in the conventional manner. For the first
three cases, the height of the computational sublayer y'm was
varied in order to determine the effect on the computed
flowfield. In each case, a constant streamwise mesh spacing
Ax = 1.56 d was employed, where 6 = 0.33 cm (0.13 in.) is the
boundary-layer thickness at x=\3.1 cm (5.40 in.) which is
near the the downstream boundary of the computational
domain. Near the wall, the ordinary mesh points were
stretched geometrically in y according to

j=3,4,...,JM (16)

where yj is the physical location of theyth point from the wall
(with j>7=0), the Ay2=y'm is the CSL height, C is the
geometric stretching factor, and JMis the number of points in
the geometrically stretched region. Outside this region the
mesh spacing in y was uniform. The details of the mesh
distribution are given in Table 1.

As indicated in Table 1, for cases 1-3 the nondimensional
sublayer height y'mujv^=ky% was 27.8, 52.1, and 97.3,
respectively, with corresponding dimensionless CSL spacing
Ay«tL of 3.09, 5.79, and 10.8, which is sufficient to resolve the
viscous sublayer (the mesh spacing Ay^~L = 10.8 in case 3 is
somewhat larger than that normally desired for resolution of
the viscous sublayer, which is typically Ay^L <, 5). In case 4,
where the CSL modification was not used, the dimensionless
mesh spacing at the wall Ay/=3.8 provided adequate
resolution of the viscous sublayer.

The computed skin friction coefficient cf for the four cases
is indicated in Fig. 5. Except in the immediate vicinity of the
leading edge, the values for all four cases are in close
agreement. For example, at x=13.7 cm (5.4 in.), cor-
responding to Rex=p00U00x/fjiQO =5.40xl06, the average
value of Cf for the four cases is 1.737x 10~3, with a
maximum deviation of 2%. The results are in close agreement
with the values predicted for cf using the Van Driest II theory
together with the Karman-Schoenherr equation.36 In par-
ticular, the values of cy for cases 1 and 4, which are essentially
identical for x>3.1 cm (1.2 in.) are within 6.9% the Karman-
Schoenherr value at ;c=7.9 cm (3.1 in.), and within 2.7% of
the Karman-Schoenherr value at ;c=13.7 cm (5.4 in.); these
locations correspond to a momentum thickness Reynolds
number of 5900 and 7700, respectively.

The CSL modification substantially improves the efficiency
of the numerical code/The computer time required for each
of the three cases that used the CSL modification represents a
decrease by a factor of between 7.8 and 8.3 compared to the
time required for case 4, which did not utilize the CSL
modification.

In summary, the numerical algorithm with the CSL
technique has been shown to provide accurate flowfield
solutions with a substantial improvement in computational
efficiency. Based on these calculations, the following
somewhat conservative .criterion has been adopted for the
maximum height of the CSL region:

yr
m<>60vw/u^ (17)

Table 1 Mesh distribution for flat plate turbulent boundary layer

Case
1
2
3
4

Type
CSL
CSL
CSL

No CSL

IL

32
32
32
32

JL

32
28
30
35

JSL

10
10
10
—

JM

21
19
20
30

C

1.154
1.198
1.145
1.200

&y
27,
52,
97.

3,

'/
.8
.1
.3
.8

Ay
3,
5,

10.

S+L

.09

.79

.8

IL = number of mesh points in x direction. JL = number of ordinary mesh
points in y direction. JSL = number of mesh points in CSL. JM= number of
mesh points in geometrically stretched region. C=geometric stretching factor.
^y^=^y2u^/vw, where &y2 is distance above wall of first row of ordinary
points; M, and vw are evaluated at x= 13.7cm. Ay^^Ay^u^/v^ , where
AySL is distance above wall of first row of computational sublayer points.

The computed results for a flat plate boundary layer have
been shown to be insensitive to the particular value of y'm
employed within the above limit.

Shock/Turbulent Boundary-Layer Interaction
The purpose of this phase of the research is to demonstrate

the capability of the numerical algorithm with the CSL
modification to accurately compute flows displaying
shock/turbulent boundary-layer interaction and flow
separation. The configuration chosen is the interaction of an
oblique shock wave with a turbulent boundary layer on an
adiabatic flat plate. The freestream Mach number M^ is 2.96,
and the freestream total temperature and total pressure are
243 K (437°R) and 377.2 kPa (54.7 psia), respectively. An
oblique shock wave at an angle of 25.84 deg with respect to
the horizontal intersects the plate at a distance #SHK = 30.5 cm
(12 in.) from the leading edge. The Reynolds number based on
freestream conditions and the length XSHK is 1.2xl07. This
configuration has been investigated experimentally by Law37

and computed by Shang, et al.17 The calculations of Shang
employed MacCormack's explicit method, and directly
resolved the viscous sublayer without use of the CSL
modification.

The calculation was performed in two steps. First, the
region upstream of the shock/boundary-layer interaction
extending from x= -1.83 cm (-0.72 in.) to jc = 30.5 cm (12
in.) was computed. The profiles at x = 26.6 cm (10.5 in.) were
then employed as the upstream condition for the calculation
of the shock/boundaryTlayer interaction (SBLI) region ex-
tending from x = 26.6 to 34.2 cm (10.5 to 13.5 in.). This
overlapping procedure is identical to that employed by Shang.
The details of the mesh distribution are given in Table 2 where
M* and vw are evaluated at x = 26.5 cm (10.4 in.) and 6 = 0.43
cm (0.17 in.) is the boundary-layer thickness at ;c = 26.5 cm
(see Table 1 for definition of terms).

C fx]Q3

2-

Case
1
2
3
4

CSL
Used?
Yes
Yes
Yes
No

2̂7.8
52.1
97.3
3.8

For Clarity, Not All
Points Are Shown

120 3 6 9
X CM

Fig. 5 Skin friction coefficient for adiabatic flat plate turbulent
boundary layer.

Experiment (Law)
Present Calculation
Calculated by Shang

- 1 0 1 2 3 4
X - X S CM

Fig. 6 Surface pressure for shock/turbulent boundary-layer in-
teraction.
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Table 2 Mesh distribution for shock/turbulent boundary-layer interaction

Case Type

Upstream of CSL
SBLI

SBLI region CSL
Shangetal.17 No CSL

(SBLI region)

IL

64

64
64

JL

30

30
30

JSL

10

10
—

JM

19

19
18

C
1.154

1.154
Variable

Ax/6

1.20

0.28
0.28

Ay}
24.2

24.2
9.6

4>>S+L

2.69

2.69
—

The computed results in the upstream region are in close
agreement with the calculations of Shang. In particular, the
computed value of cf at x=26.6 cm (10.5 in.) (the restart
station) is 1.569 x 10 ~3 , while the value of Shang at the same
location is 1.527xlO~3 . The computed adiabatic wall
temperature at the same location is 226.2 K (407.1°R) which
compares favorably with the theoretical value of 227.5 K
(409.5°R) obtained from the expression38

(18)

The predicted value of Shang is 209.4 K (376.9°R). The
disagreement between this value and the theoretical value
from Eq. (18) possibly may be attributed to the fact that the
value Ay/=9.6 in Shang's calculation is approximately 3.6
times the effective finer mesh spacing at the wall employed in
the present case (i.e., Ay<fL =2.69).

In Fig. 6, the computed surface pressure is compared with
the previous calculation of Shang and the experimental data
of Law. The abscissa is x-xs9 where x is the streamwise
distance and xs is the location of the separation point. The
computed separation point, obtained by linear interpolation
of Cf, is xs = 29.96 cm (11.80 in.) which is in close agreement
with the value xs = 30.02 cm (11.82 in.) obtained by Shang.
The pressure calculations are in close agreement, thereby
providing additional confirmation of the accuracy of the CSL
modification. There is some disagreement with the ex-
perimental results ahead of the peak in the pressure, which
may be attributed to the approximate nature of the turbulence
model and uncertainty in the experimental measurements.17

The computed skin friction coefficient cy is presented in
Fig. 7, together with the previous results of Shang and the
experimental separation-to-reattachment length of Law. The
results are in close agreement, particularly in the extent of the
separation region. The present results, however, indicate a
larger peak negative skin friction and slightly greater values
downstream of reattachment. These differences may be at-
tributed to the fact that in the present case an effective finer
mesh resolution is employed near the wall.39

In order to evaluate the effect of the approximations
employed in the sublayer model, the full boundary-layer
equations may be integrated across the sublayer region
Q<y<y'm to yield the following general expression for the
wall shear stress:

f(y'm) = (19)

C f x lO

Experiment (Law
Present Calculation

—- Corrected Calculation
—— Calculated by Shang

where u'm is the velocity at y'm and m is the bleed mass flux,
which is zero in this case. The first term is equivalent to the
expression employed for TW in the sublayer model, and the

Fig. 7 Skin friction coefficient for shock/turbulent boundary-layer
interaction.

second term represents the correction to the wall shear stress
due to the terms neglected in the sublayer equations. Using the
computed solution, this second term was evaluated, and the
corrected value of the friction coefficient is displayed in Fig.
7. It is evident that the corrections to the wall shear stress are
negligible everywhere, including the region of separated flow.
A similar analysis was performed for the wall temperature,
and the maximum correction was found to be 0.63 %.

In summary, the use of the CSL technique has been shown
to provide accurate solutions of flowfields with shock/tur-
bulent boundary-layer interaction, including regions of
separated flows. In a subsequent paper,26 the numerical
algorithm is applied to the calculation of three different
configurations of a simulated high-speed inlet.

Conclusions
An improved numerical capability has been developed for

the computation of two-dimensional high-speed inlets using
the Navier-Stokes equations, with turbulence represented by
an algebraic turbulent eddy viscosity. A curvilinear body-
oriented coordinate system is utilized to facilitate treatment of
arbitrary inlet contours. Provision is included for the general
specification of boundary-layer bleed on the ramp and cowl
surfaces. The numerical algorithm of MacCormack is em-
ployed to solve the Navier-Stokes equations. A number of
traditional techniques are utilized to improve computational
efficiency, including time splitting of the finite-difference
operators, splitting of the mesh into several regions in the
cross-streamwise direction, and overlapping of successive
computational regions. A novel automatic procedure has been
developed for optimization of the mesh splitting. A modified
treatment of the viscous sublayer and transition portions of
the turbulent boundary layer denoted the computational
sublayer (CSL) has been introduced.

The accuracy and efficiency of the numerical algorithm
with the CSL modification has been investigated for an
adiabatic flat plate turbulent boundary layer and a
shock/turbulent boundary-layer interaction. In the former
case, the results obtained using the numerical algorithm with
the CSL modification are in excellent agreement with those
obtained by the conventional approach, while achieving an
approximate factor of eight.reduction in computer time. In
the latter case, good agreement was obtained with ex-
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perimental data and the previous calculation of Shang. The
correction to the wall shear stress and temperature due to the
neglected terms in the sublayer model was estimated and
found to be negligible.
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